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Abstract: Volterra integral equations have a wide range of applications in mechanics, linear visco-elasticity,
renewal theory, particle size statistics, damped vibration of a string, heat transfer problems, geometric probability,
population dynamics, and epidemic studies. Many mathematicians and scientists are interested in finding either
approximate or exact solutions to these equations. Upadhyaya Transform (UT) will be used in this paper to solve
linear second type V.IE. To accomplish this, the linear second type V.LE. kernel has adopted a convolution type
kernel. Some numerical examples are taken into account in order to outline the entire process of arriving at the
solution. According to our findings, the Upadhyaya Transform (UT) is a powerful tool for finding solutions to the
Linear Second kind V.1LE.
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1. Introduction

The Volterra integral equation can be used to formulate a number of challenging problems in mathematics,
chemistry, biology, astrophysics, and mechanics, including the radiative energy transfer problem, the
oscillation problem for strings and membranes, and the quantum mechanical problem of momentum
representation. Aggarwal et al. (2018) solved Volterra integral equations of the first and second kinds using
various integral transforms (Kamal transform, Mahgoub transform, Mohand transform, Aboodh transform,
and Elzaki transform). Upadhyaya (2019) introduces the Upadhyaya Integral Transform, a new
generalization of the classical Laplace Transform. Mousa (2021) uses the Upadhyaya transform to solve the
Volterra integral equation of the first kind. Kumar et al. (2022) created a new integral transform called the
Rishi Transform and solved first kind Volterra integral equations. Patil ef al. (2022) applied the Faltung
theorem to the Kushare transform and its applications in first kind Faltung type Volterra integral equations.
Patil et al. (2022) solve Volterra Integro-Differential equations of the first kind using the Kushare transform.
Aggarwal et al. (2023) used the Rishi Transform to determine the analytical solution of a linear second kind
V.LE.

In this paper we demonstrate the applicability and significance of the Upadhyaya Transform (UT) in solving
second type Linear Volterra integral equations.

2. Definition of Upadhyaya Integral Transform (Mousa, 2019)
Upadhyaya transformation of the function f'(¢),z > 0is given by

U{f(z)}=Afexp(—ﬁzr)f(zzr)dz=u(ﬂq,ﬂz,ﬂs), (AsAasds) > 0,2 0. M

The operator U is called the Upadhyaya Transform operator.
3. Inverse of Upadhyaya Transform (Mousa, 2019)
The inverse Upadhyaya transform ofu(4,4,,4,), designated by U'[u(4,4,4,)] , another function
J(t)having the property U { 1 (1)} = u(4,,2,, ;) -

Tables (1-3) summarize some useful operational characteristics of the Upadhyaya Transform, as well as
Upadhyaya Transforms and inverse Upadhyaya Transforms of some fundamental functions.
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Table 1: Some operational characteristics of Upadhyaya Transform (UT) (Mousa, 2019)

Name of .
Characteristics Mathematical Form
o Ulb i@ +b, /() 4,4, 1= B U [/ 4,4, A1+ b, UL (045 45, 4]
Linearity =bu, (A4, 4,,4;)+bu, (4,,4,,4,),where b,,b, are arbitrary constants.
ULf @44, Al =ulh, 4y, ) then ULf (at); 4y, 4, 4]
Change of Scale :U[f(t)-ﬁ A /13]:“[]'1 A g@}
’ a ’ a ’ a ’ a ’
. ULf ()4, Ao, A1 =u( 4, Ay, 4y) then Ule” £ ()4, 4, 4]
Translation =UL (03 =, As) =ul, Jy =, ]
UL F200: s 2 = 500 B )t s )
Convolution Where f,(¢) * f,(¢)is defined by
FK@O* L0 =[ A=) ) dx = [ 00 (= x) dx.

Table 2: Some fundamental function of Upadhyaya Transform (UT) (Mousa, 2019)

F6) | UV Ohddl=uGoid) | f(0) U LS WAy I = (s B 1)
| j_l sin(at) /15(1:1—111/123/13
! /1/11/313 cos(af) PE il/alzui

Table 3: Inverse Upadhyaya Transform of some fundamentals functions (Mousa, 2019)

Ul 2s) | fO=U" 420 2)] (s A ) SO=U"u(25.1)]
& . % sin(ar)
%13 ) ,13—11222/12 cos(ar)
7’1,!1/;—1:11;” o meN —/1; —ﬁla/l;/ﬁ sinh(ar)
ﬁ exp(at) ﬁ cosh(at)
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4. Solving linear second type V.LE. via Upadhyaya Transform (UT)
Fundamental form of Linear Second type V.LE. is provided by (Wazwaz, A. M. (2011)):

h(x)= f(x)+ ﬂjox k(x, s)h(s)ds )

h(x) = unknown function,
f(x) = known function ,

k(x ,s) = kernal of integral equation ,

where,

A =non — zero parameter .
In this work, we presuppose that the kernel of equation (2) is a kernel of the Faltung type,
i.e. k(x, s) = k(x — s).Consequently, equation (2) has the following form:
h(x)= f(x)+ A[ k(x=s)h(s)ds 3)

Applying the UT to equation (3) and using the Faltung theorem, we have
Ulh(x); 41,4y, A1 =ULf (%) 4, 4, A T+ ﬂU{Ik(x - s)h(s)ds;llaﬂzaﬂ3:|
0

= U[h(x);ﬂlrﬂz’ﬁ%] = U[f(x);ﬂlaﬂzaﬁg]*'ﬁ'U[k(x);ﬂlrﬂzrls]U[h(x);ﬂlrﬂzrﬂs]

A

Ulh(x); 4,25, 41 =U[f(x); 4., 4,, 4]+ /I(ﬂ JU[k(x);11,12,13]U[h(x);/11,/12,13]

1
After simple computations:

ULf(x);4,4,,4,] (4)
|:1 - A (?]U[k(x); ﬂl,ﬂz,ﬂg]:|

U[h(x)’ 11,12,13] =

1

Inverting the Upadhyaya Transform (UT), we get

Ulf(x);4,4,,4,] (5)
|:1 - A [%JU[[(()C); /11,12,/13]:|

1

h(x)=U"

5. Numerical Applications

The entire procedure of determining the solution of linear second type V.LE. with Faltung type kernel is
explained in this section using four numerical examples.

(A) Consider the following second type of Linear V.LE. with a Faltung-type kernel (Aggarwal et al. 2023):
h(x) +j: h(s)ds = cosx+sinx (6)
Applying the UT to equation (6) and using the Faltung theorem, we have

Ulh(x);4,,4,, 4,1+ U{J‘h(s)ds;ﬂl,/lz,ﬂ?} =Ul[cosx; 4,4, A, ]+ Ulsinx; A,,4,,4,]
0

Ulh(x); A4, 4,, 41+ UL A, A4, L, JUTR(x); 4, Ay, 4, 1= Ulcos x; 4, A4,, 4, 1+ Ulsin x; 4, 4,, 45 ]

U[h(x);ﬂp/lz,ﬂm%x(j—‘)U{h(x);ﬂl,@,/u— LI (7)

1 ) A2+ (A + D)
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After simple computations:

//i’lﬂ’; + ﬂ’lﬂ’z/l}
(B2 + A2y + 43) (A + A3) (A, + )

U[h(x)a /117]“27/13] =

A2
Ulh(x); A, A, A ] = —22 3
= Ulh(x) 1742 3] (/1§+ﬂ§)

We obtain the required solution of equation (6) by inverting equation (8).

-1 AIAZ _
h(x)=U {(}é N ﬂﬁ)} = h(x)=cosx

(B) Consider the following second type of Linear V.I.E. with a Faltung-type kernel (Aggarwal et al. 2023):
h(x)+ [ (x=s)h(s)ds = x ©)
Applying the UT to equation (9) and using the Faltung theorem, we have

ULh(30 Ay 201+ U [ = 50h(5) sy sy | <ULy 2]

A A
U[h(x);ﬂ’laﬂ'27ﬂ’3]+ﬂ-_sU[x;ﬂ’l512713]U[h(x);ﬂ’15ﬂ'27ﬂ'3]: ﬂl-zs
1 2
UTh(o): 2y 2y 2+ 22| 225 U ()3 20, 2,201 = 2 (10)
AL A Zs
After simple computations:
A ]
U[h(x);zl,zz,@]:{ﬂg;;g_ an

We obtain the required solution of equation (9) by inverting equation (11).

h(x):U{ ?132}:sinx
EREE

(C) Consider the following second type of Linear V.L.E. with a Faltung-type kernel (Aggarwal et al. 2023):

B+ [ (x=s)h(s)ds =1-x (12)
Applying the UT to equation (12) and using the Faltung theorem, we have
U[h(x);ﬁq,ﬂz,zg]+U[j;(x—s)h(s)ds;a,lz,ﬂg} = ULl Ay Ay a1 = UL A0, 2

U[h(X);il,/lz,ﬂg]Jr%U[x;ﬂl,iz,/%]U[h(X);ﬂ],12,/13] =UL AL A, A1 -Ulxs 4, 45, 4]

1

A A4, ] A A
= Ulh(x); 4,4 ,/1]+—3{# ULh(x); A, Ay, 4] = 2L - 2123 (13)
1 2 3 ll ﬂ.i | 1 2 3 lz lg
After simple computations:
A, [
ULh(x); A, Ay, Ayl = | 4122 | - | 218 (14)

We obtain the required solution of equation (12) by inverting equation (14).
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O B e e
A+ A4 A+ A

= h(x)=cos x—sin x

(D) Consider the following second type of Linear V.I.E. with a Faltung-type kernel (Aggarwal et al. 2023):
h(x)— IOXh(s) ds =x (15)
Applying the UT to equation (15) and using the Faltung theorem, we have

ULh(x)i Ay 2,251 = U[jj h(s)ds;zl,lz,ﬂs} =Ulx A, A, 4]

A
U[h(x);/luﬂza/ls]_TSU[I;117/12513](][]”()5);115/12713] =U[x;4,,4,,45]

1

A, A A A
ULh(0); Ay Ay 2] = 23 U T3 s A ] = =52 (16)
1 2 2
After simple computations:
A A
ULh(x); A, Ay5 251 = S 17)
[A(x); 41,45, 45] |:/12_13} |:/12}

We obtain the required solution of equation (15) by inverting equation (17).

0 A ol A
ho)=U {_AZ_A v L}
= h(x)=e"—1.

6. Conclusion

In this paper, we successfully used the Upadhyaya transform to obtain the solution of second type V.L.E. The
outcomes demonstrate that Upadhyaya transform is a very effective integral transform for obtaining the exact
solution of linear V.LE of second type without needing to perform laborious and time-consuming
computational work.
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